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• Implementing the Toffoli gate.

• Multi-controlled gates.

• Universality.
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Adding Controls

• Add a control using an ancilla and two c2not gates.

U U

00

• Add multiple controls.

U U

00

U

0 0

0 0

n controls: 2(n− 1) c2not, n− 1 ancillas, 1 cU gates.
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Adding Controls without Prepared Ancillas

• Suppose that U2 = 1l.

U UU

• Add multiple controls without prepared ancillas.

U U U U U

n controls: 4(n− 3) + 2 c2not, 2n qubits, 2 cU gates.
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Controlled U With 0 or 1 Extra Qubit

• Halving controls for U2 = 1l, n− 2 controls.

U U U

dn−2
2 e qubits

bn−2
2 c qubits

 n qubits

n− 2 controls: 8(n− 5) c2not, n qubits, 2 cU , 2 cnot.

• Let V be a rotation. With appropriate choice of parameters:

w
ε

w
−ε

Z Z
δ/2−δ/2V

n− 1 controls: 16(n− 5) c2not, 8 cnot, n qubits, 4 cRot.



13
←|Top|Bot|→|�|TOC

Controlled U With 0 or 1 Extra Qubit

• Halving controls for U2 = 1l, n− 2 controls.

U U U

dn−2
2 e qubits

bn−2
2 c qubits

 n qubits

n− 2 controls: 8(n− 5) c2not, n qubits, 2 cU , 2 cnot.



13
←|Top|Bot|→|�|TOC

Controlled U With 0 or 1 Extra Qubit

• Halving controls for U2 = 1l, n− 2 controls.

U U U

dn−2
2 e qubits

bn−2
2 c qubits

 n qubits

n− 2 controls: 8(n− 5) c2not, n qubits, 2 cU , 2 cnot.

• Let U be arbitrary. From before:

U U

00n qubits





13
←|Top|Bot|→|�|TOC

Controlled U With 0 or 1 Extra Qubit
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U U U

dn−2
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bn−2
2 c qubits

 n qubits

n− 2 controls: 8(n− 5) c2not, n qubits, 2 cU , 2 cnot.

• Let U be arbitrary. From before:

U U

00n qubits


n− 1 controls: 8(n− 4) c2not, 1 ancilla, 4 cnot, 1 cU .
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Controlled U With 0 or 1 Extra Qubit

• Halving controls for U2 = 1l, n− 2 controls.

U U U

dn−2
2 e qubits

bn−2
2 c qubits

 n qubits

n− 2 controls: 8(n− 5) c2not, n qubits, 2 cU , 2 cnot.

• Let U be arbitrary. From before:

U U

00n qubits


n− 1 controls: 8(n− 4) c2not, 1 ancilla, 4 cnot, 1 cU .

• Time/space tradeoff? Barenco&al 1995 [1]
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From U to Controlled U?

• Given that U
(S) is available, can one implement cU(AS)?

UU
S

A A

S Y
−90

X
20

0/10

?

• Yes, if U
(S) is given as a quantum network using our set of

fundamental gates.
Implementation: Convert each gate in U

(S)’s network to a
gate controlled by qubit A.

• No, if U
(S) is given as a black box with no promises.

• Other conditions for which the answer is “yes”?
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2: 1010〉
4: 1001〉
3: 1000〉
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• cknot gates implement all logical state permutations.
Proof. Consider n qubits.

If |a− b| = 1, the transposition a〉 ↔ b〉 is implementable.
Example: a = 1001 and b = 1011:

1

2

4

3

 1001〉 → 1011〉
1011〉 → 1001〉
c〉 → c〉 otherwise

b can be reached from a by a sequence changing one bit at a time.
Example: a = 0010 and b = 1001: 0010↔1010↔1000↔1001
Every transposition a〉 ↔ b〉 is implementable.
Example: a = 0010 and b = 1001:

1: 0010〉
2: 1010〉
3: 1000〉
4: 1001〉

←
4: 1001〉
2: 1010〉
3: 1000〉
1: 0010〉
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Universality: Permutations of Logical States

• cknot gates implement all logical state permutations.
Proof. Consider n qubits.

If |a− b| = 1, the transposition a〉 ↔ b〉 is implementable.
Example: a = 1001 and b = 1011:

1

2

4

3

 1001〉 → 1011〉
1011〉 → 1001〉
c〉 → c〉 otherwise

b can be reached from a by a sequence changing one bit at a time.
Example: a = 0010 and b = 1001: 0010↔1010↔1000↔1001
Every transposition a〉 ↔ b〉 is implementable.
Example: a = 0010 and b = 1001:

1: 0010〉
2: 1010〉
3: 1000〉
4: 1001〉

←
4: 1001〉
2: 1010〉
3: 1000〉
1: 0010〉

Every permutation is a product of transpositions.
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a′〉
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}
P †→

{
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}
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{
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}
P→

{
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Every Givens rotation is implementable.

Every unitary operator is a product of Givens rotations.
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Givens Rotation Decomposition

• Decomposing a unitary matrix by example.

M
.384 .250 -.594 .661
.288 -.613 .514 .526
.640 .576 .485 -.154
.600 -.480 -.384 -.512



=


.384 .250 -.594 .661
.288 -.613 .514 .526
.640 .576 .485 -.154
.600 -.480 -.384 -.512
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• Decomposing a unitary matrix by example.

M
.384 .250 -.594 .661
.288 -.613 .514 .526
.640 .576 .485 -.154
.600 -.480 -.384 -.512


G12

.8 .6 .0 .0
-.6 .8 .0 .0
.0 .0 1 .0
.0 .0 .0 1



=
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.640 .576 .485 -.154
.600 -.480 -.384 -.512





17
←|Top|Bot|→|�|TOC

Givens Rotation Decomposition

• Decomposing a unitary matrix by example.

M
.384 .250 -.594 .661
.288 -.613 .514 .526
.640 .576 .485 -.154
.600 -.480 -.384 -.512


G12

.8 .6 .0 .0
-.6 .8 .0 .0
.0 .0 1 .0
.0 .0 .0 1



=


.480 -.168 -.166 .845
.0 -.640 .768 .024
.640 .576 .485 -.154
.600 -.480 -.384 -.512





17
←|Top|Bot|→|�|TOC

Givens Rotation Decomposition

• Decomposing a unitary matrix by example.

M
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.288 -.613 .514 .526
.640 .576 .485 -.154
.600 -.480 -.384 -.512


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

=
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• Decomposing a unitary matrix by example.
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Universality: Resources

Consider n qubit unitary operators.
• The number of cnot and one-qubit gates needed to

implement a unitary operator U is
O((2n)2) = O(4n)

Vartiainen&al 2003 [2]

∗. . . except for an exponentially small fraction according to the Haar measure.
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Universality: Resources

Consider n qubit unitary operators.
• The number of cnot and one-qubit gates needed to

implement a unitary operator U is
O((2n)2) = O(4n)

Vartiainen&al 2003 [2]

• There are unitary operators that require Ω(4n) cnot and
one-qubit gates.

Barenco&al 1995 [1]

• Almost all∗ unitary operators require 2Ω(n) cnot and
one-qubit gates to approximate U with error c− ε, where c is
the average distance between unitary operators.

Knill 1995 [3, 4]

∗. . . except for an exponentially small fraction according to the Haar measure.
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